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FCUNDATIONS OF STATISTICAL CRACK MECHANICS

John K. Dienes
Theoretical Division, Los Alamos National Laboratory
Los Alamos, New Mexico 87545 USA

The principle of superposition of elastic and plastic satrain
rates in regions of plastic flow was hypothesized by Reuss [l] in
order to provide a smooth transition of the stresses between regions
of elastic and elastic-plastic deformation. In this paper a generali-
zaticn of this hypothesis is derived which allows for the formulation
of more complex constitutive laws that can account for simultaneous
plastic flew, fracture, fragmentation, and changes in porosity. Such
processes can occur during impact, expiosions and earthquakes. The
possibility of analyzing such processes by finite element methods has
been made possible by the advent of large scale computers, tut most
practioners agree that more general constitutive laws are required to
account adequately for the complex flow process.s involved. 1In parti-
cular, many fracture processes in brittle materials are thought to de-
pend on the strain rate and size of the samples involved. These ef-
fects are accounted for in the current approach without the introduc-
tion of special hypotheses. The method also accounts for many aspects
of finite deformation, and has been used in problems involving very
large distortions. The results given here are essentially the same as
obtasined by Dienes and Margolin (2], but in that earlier derivation it
was necessary to make ad hoc hypotheses which are not necessary in the
current approach.

Consider two adjacent points P2 and P1 in a cumplex material, il-
lustrated in the Figure, which are separated by a variety of crystals

and flaws. The difference in velocity of these points can be written
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with the first term cn the right denoting the continuum contribution,
the second denovting .he effect of cracks, and the third denoting the

the influence of dislocation motion. The first term can be treated
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using the methods of continuum mechanics, but the second term needs to
be transformed to make it computationally useful. The treatment of
the third term belongs to the theory of dislocations and plasticity,
and has been discussed elsewhere [3,4].

The sum over discrete flaws in the second term needs to be re-
placed by a sum (in the limit, an integral) over a statistical crack

distribution, so that
) bu; = ) dadcan(Neu, + Név, ) (2)

where N denotes the number of crackc per unit arc length with orierta-
tion 1 and size c, As denotes the element of arc in reference coordi-
nates, Ac the range of crack sizes and Al the cange of crack crienta-
tions for the selected subdivision of ﬁ, and Gui and Gvi denote the
discontinuity in velocity and displacement across a crack ~t size ¢
and orientaution fl. Now, ‘L is straightforward to show, as indicated

by Dienes {S5], that
ﬁ = -a cos 8 N.q (1)

wtere a is the cross section of the crack, 8 is the angla of its nor-
mal with the reference direction for ﬁ. and N is the number of cracks
with orientation N1 exceeding ¢ in size. The negative sign appears be-
cause N decreases with increasing ¢. The element of solid angle is

written
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for compactness, with 8 and ¢ the usual polar angles. The subscripts
c and Q on N denote differentiation. The only really useful choice
for As is to take it as one of the reference dirsctions Axk in the re-
ference coordinates of the undisturbed continuum [6]. Then, by divid-
ing by ij, taking the limit and using the standard notation F = VR

fur polar decomposition
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The crack normals in current and reference coordinates are related by

Rsknk =0, , n =cos 8 (6)
where the hars derote the normal in reference (material) coordinates.
From this we can obtain the expression
+ (aN
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for the stretching due to crack opening, shear, and growth. Note that
the crack distribution is considered given in reference coordinates,
in which it remains constant. The change in dispiacement across a
penny-shaped crack of radius ¢ can be represented as the sum

GVi - Gv? + GV: (8)

of an opening displacement parallel to the crack normal GV?, given by
Sack [7]. and a shearing displacement parallel to the crack plane,

given by Segedin (8], évz. The former is given by

6v® = Y’on.f (9)
1 ni

where o is the normal component of traction, and

L
€= (1 - r2/e?) (10)



gives the variation of displacement with distance r from the crack
center. The average value of f is 2/3. 7Thus it is conveniemt to

.. o
def ne a new constant 8 by

vCa = % 1 ; v C3 - B°c3 . (11)

making the assumption that cracks are circular. The average shear

displacement is given by

S-S._
Svi =y ('I.‘.l Ti) (12)

wvhere T; denotes the tangential component of traction acting in the

far field on a plane parallel o the crack,
1 = -
Ti (Gij ninj)ojknk (13)

and T denotes the interfacial traction. Analogously, it is conven-

ient to define a shear constant Bs by

3
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Now, the velocity gradient can be expressed a: the sum of a symmetric

part, the stretching dij' and an antisymmetric part, the vorticity
w.., so that
1)

u, . =2d,, +w,, . (15)

Then the average contribuction to the velocity gradient due to crack
opening is

4° = _Bov-l
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where the stress rate Skl is givea by Dienes (6],
o o 3
H = )Ncnc AcAl (17)
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and
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However, to get t'ie stretching due to crack shearing requires that the

synmetric part of the velocity jradient be computed, yielding the

result
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where
H® = ) NS olhcan (21)
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and
bijkl = Gilnjnk + Gjlnink - Znininknl . (23)

These equations can be put in the form

Ao + Bo = C (24)

where A, B, and C are matrices involving stress and strain rate. This
can be sclved for o numerically in the course uf finite element calcu-
lations. The computation of the statistical distribution function

N(c,R) of crack sizes by means oi a Liouville equation is discussed by
Dienes [(9]. The resulc of such a zcaputation for anisotropic rock has

been illustrated in an example involving explosions in oil shale [10].
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